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a b s t r a c t

A novel mixed-field theory with relatively low number of unknown variables is introduced

for bending and vibration analysis of multi-layered composite plates. The presented plate

theory is derived from a parametrized mixed variational principle which is introduced

recently by the first author. A global-local kinematic with a layer-independent number of

variables is assumed for the description of the displacements of the plate. The considered

kinematic stratifies the displacement and transverse stress continuity conditions at the

mutual interfaces of the layers. It also fulfill the homogenous boundary conditions of the

shear stresses on the upper/lower surfaces of the plates without using the shear correction

factor. One-unknown variable fields which satisfy a priori the continuity conditions at the

adjacent interfaces between layers and the zero boundary conditions on the bounding

surfaces are considered for the approximation of the transverse shear stresses. The trans-

verse normal stress along the total thickness of the multi-layered plate is approximated via a

quadratic polynomial. The presented mixed-field plate theory has been validated through

comparison of the bending and vibration analysis results with those obtained from

the three-dimensional (3D) theory of elasticity and the results of the other classical and

high-order plate theories.
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1. Introduction

Nowadays, multi-layered composite plates are used exten-
sively in military, aeronautical, marine and mechanical
engineering fields as primary structural elements. High-
peculiar stiffness and strength, excellent corrosion resistance
as well as the lightweight characteristic are some of the most
reasons for the widespread use of composite structures in
the industrial applications. The accurate prediction of the
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displacements and stresses in the multi-layered composites is
essential for design purposes.

Various numerical and analytical approaches have been
developed so far for the analysis of multi-layered composites
structures. The mathematical approaches which are on the
basis of finding a solution for the differential 3D equilibrium
equations of a continuous media yields the most precise
results for the multi-layered plates problems [1–5]. However,
these approaches are restricted to the plates whose geometri-
cal shapes, loading and boundary conditions are simple. At the
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Fig. 1 – The multi-layered composite plate and the
considered Cartesian coordinate system.
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first glance, it seems that the problems of the multi-layered
plates for general case of arbitrary geometry, number of layers,
stacking sequence, loading and boundary conditions can be
solved using the 3D finite element (FE) analysis. However, 3D
FE analysis of multi-layered structures is computationally cost
and not possible in some practical conditions. The aforemen-
tioned difficulties inclined engineers to use the two-dimen-
sional (2D) multi-layered plate theories. Available multi-
layered plate theories can be classified into four categories:
equivalent single layer theories; discrete layer or layer-wise
(LW) theories; global-local theories; and mixed plate theories.

In the equivalent single-layer approaches, a global dis-
placement field is assumed for all layers of the multi-layered
structure. In this category, one can distinguish the classical
layered theory (CLT) [6,7], first-order shear deformation theory
(FSDT) [8–12] and high-order shear deformation theories
(HSDT) [13–15]. Although the number of unknowns variables
in the equivalent single-layer theories is independent of the
number of material layers, the continuity conditions of
transverse shear and normal stresses on the mutual interfaces
of the layers are often violated.

In LW theories, a local kinematic is assumed for each
material layer of the multi-layered plate. Plate theories based
on LW fulfill the continuity conditions of out-of-plane stresses
on the adjacent interfaces between layers. Due to the
dependency of the number of kinematic variables to the
number of layers, LW theories are computationally expensive
[16–19].

In the global-local theories, a global kinematic describing
the whole behavior of multi-layered plate is put on local layer
kinematic selected based on the LW concepts. Through
applying the stress and displacement continuity conditions
on the mutual interfaces between the layers, the number of
the kinematic unknown variables reduces significantly. Such
models reproduce a continuous shear stress fields along the
thickness direction of multi-layered plates [20–24].

Mixed plate theories consider two independent fields for
displacement and stress components of the multi-layer plate.
In addition to the displacement components, the stress
components are also assumed as primary unknown field
variables in these theories. Mixed based plate theories satisfy a
priori the continuity conditions of the out-of-plane stresses
along the layer interfaces and traction boundary conditions on
the top/bottom surfaces [25–30].

The above reviewed literature deals with only some aspects
of the broad research activity about multi-layered plate
theories. An comprehensive assessment of different multi-
layered theories has been done by Carrera [31].

The available mixed plate theories, which are mostly based
on Reissner's mixed variational theorem (RMVT), consider a
layer-wise polynomial scheme for the approximation of the
out-of-plane stresses. Due to using the layer-wise scheme, the
number of unknown field variables of these plate theories is
very high and they are computationally very expensive. In this
study, a new mixed-field plate theory with relatively low
number of field variables are developed for the multi-layered
composite plates. A layer-independent distribution with only
one unknown variable is assumed for the approximation of the
shear stress components. These assumed shear stress fields,
which are obtained by integrating from 3D equilibrium
equations, fulfill a priori the interfaces continuity conditions
and the traction-free conditions on the top/bottom surfaces of
the plate. Variations of the transverse normal stress field along
the total thickness of the multi-layered plate is approximated
via a second-order polynomial. The description of the
displacement components of the multi-layered plate is also
based on a new global-local kinematic. The employed
kinematic has a constant (seven) number of unknown
variables irrespective of the number of layers. Thanks to
using 1,2-3 double superposition technique [32], the present
global-local kinematic satisfies all continuity conditions of the
shear stresses as well as compatibility conditions of the
displacement components at the adjacent interfaces between
the layers.

The governing equations of motion are numerically solved
using a quadrilateral four-node plate element which has 21
degrees of freedom (dofs) at each node. In the FE formulation,
the full Hermitian shape functions with C1-continuity are
employed for the interpolation of the transverse displacement
of the multi-layered plate. Other displacement and stress field
variables of the multi-layered plate have been interpolated via
Lagrange shape functions with C0-continuity.

The paper is outlined as follows: the descriptions of the
proposed global-local displacement field and the out-of-plane
stress fields are given in Section 2. The FE formulations of the
four-node quadrilateral multi-layered plate are fully de-
scribed in Section 3. Numerical results which include various
bending and free vibration tests are subsequently presented
in Section 4. Finally, conclusion and recommendations for
future researches are cited in Section 5.

2. Theoretical formulation

2.1. Basic assumption

We consider a multi-layered composite plate of constant
thickness h, consisting of Nl orthotropic layers (see Fig. 1). As
shown in Fig. 1, the global Cartesian coordinate system (x,y,z)
is located at the mid-plane (z = 0) of the multi-layered plate. At
the mid-plane of each layer, an individual local coordinate
system is also considered.



a r c h i v e s o f c i v i l a n d m e c h a n i c a l e n g i n e e r i n g 1 8 ( 2 0 1 8 ) 8 1 8 – 8 3 2820
2.2. Constitutive relations

Using the matrix notations, the 3D constitutive relations for
each layer of the multi-layered plate can be expressed as:
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where

ep ¼ exx eyy 2exy
� �T

; sp ¼ sxx syy sxy
� �T

; ez

¼ 2eyz 2exz ezz
� �T

; sz ¼ sxz syz szz
� �T

; Dzp ¼ DT
pz

and sij and eij denote the components of the stress and strain
tensors, respectively. Dpp, Dpz and Dzz denote the elastic coeffi-
cients matrices which are defined as follows:
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Since the out-of-plane stress components (syz, sxz, szz) of the
multi-layered plate are taken as primary unknown fields, the
constitutive relations (1) should be rewritten as follow:
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2.3. Kinematics

The following global-local kinematics is used for representing
the displacement components of the multi-layered composite
plate:

Uðx; y; zÞ ¼ u0ðx; yÞ�z
@w1ðx; yÞ

@x
�f ðzÞ @w2ðx; yÞ

@x
� z2

2
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þ
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loc ðx; z; tÞ þ ûðkÞ

loc ðx; z; tÞÞ�ðHðz�zkÞ�Hðz�zkþ1ÞÞ

Vðx; y; zÞ ¼ v0ðx; yÞ�z
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Wðx; y; zÞ ¼ w1ðx; yÞ þ w2ðx; yÞ þ z w3ðx; yÞ (4)
where u0(x, y) and v0ðx; yÞ denote the in-plane displacements of
a point on the reference surface of multi-layered plate. w1ðx; yÞ
and w2ðx; yÞ denote the bending and shearing part of the
transverse displacement component, respectively. f ðzÞ ¼
z�ze�2ðz=hÞ2 is the non-polynomial shear strain shape function.
The physical meaning of the strain function f(z) is illustrated
graphically in Fig. 2. w3ðx; yÞ is an unknown parameter func-
tion while H(z) denotes Heaviside's function. uðkÞ

loc , û
ðkÞ
loc , vðkÞloc and

v̂ðkÞloc are the local components of the in-plane displacements
which are chosen based on the concept of the LW variations.
The graphical illustration of the assumed global-local kine-
matic (Eq. (4)) is shown in Fig. 3. The local terms of the in-plane
displacements can be written based on Legendre polynomial
as follows:
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where jk = akz � bk, ak = 2/(zk+1 � zk), bk = (zk+1 + zk)/(zk+1 � zk)x.
Note that the range of variability of the local out-of-plane
coordinate jk is [�1,1]. Since the present model is based on
double superposition technique, local components in Eq. (5)
are divided into two groups: one with two local terms and the
other with only one local term. Since only four continuity
conditions (two interlaminar displacements and two interlam-
inar shear stresses on each laminate interface) need to be
fulfilled, only four local terms (two for U and two for V) are
allowed in a multilayer theory if eventually layer indepen-
dence is to be achieved. For inclusion of more local displace-
ment terms, the use of double superposition technique is
inevitable. For more details about double superposition tech-
nique, the interested readers can refer to [32].

At the layer interfaces, the in-plane displacement compo-
nents should be continuous. Imposing the compatibility
conditions of the in-plane displacement components with
considering the double-superposition theory [32] leads to the
following equations:

uðkÞ
loc ¼ uðk�1Þ

loc (6a)

ûðkÞ
loc ¼ ûðk�1Þ

loc (6b)

vðkÞloc ¼ vðk�1Þ
loc (6c)

v̂ðkÞloc ¼ v̂ðk�1Þ
loc (6d)

The above equations are valid for k = 2, ..., Nl. Eqs. (6a) and
(6b) yield the following two equations:



Fig. 2 – Graphical illustration of the non-polynomial shear strain shape function f(z).

Fig. 3 – Graphical illustration of the assumed global-local kinematic: (a) in-plane displacements, (b) transverse displacement.
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~uðkÞ
2 ¼ ~uðk�1Þ

1 þ ~uðk�1Þ
2 þ ~uðkÞ

1 (7a)

~uðkÞ
3 ¼ ð�1Þk�1~u1
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Similarly, the following equations are obtained from
Eqs. (6c) and (6d):

~vðkÞ2 ¼ ~vðk�1Þ
1 þ ~vðk�1Þ

2 þ ~vðkÞ1 (8a)

~vðkÞ3 ¼ ð�1Þk�1~v13 (8b)

Using the well-known strain-displacement relations as
well as the 3D constitutive relations, the shear stresses of the
kth layer can be written as:
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The following recursive equations is obtained from
applying the continuity conditions of the transverse
shear stresses at the adjacent interfaces between the
layers:
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By using of Eqs. (7a) and (8a), the above equation can be
rewritten as:
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By imposing the traction-free conditions of the shear
stresses on the top/bottom surfaces of the multi-layered plate,
the following equations are obtained:
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Substituting Eqs. (7b) and (8b), respectively, into Eqs. (12a)
and (12c) gives:

~uðkÞ
3 ¼ ð�1Þk

6
~uð1Þ
1 þ ð�1Þk�1

2
~uð1Þ
2 (13a)

~vðkÞ3 ¼ ð�1Þk
6

~vð1Þ1 þ ð�1Þk�1

2
~vð1Þ2 (13b)

The above equations give ~uðkÞ
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Thus Eqs. (11) and (13) can be rewritten as:
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Note that coefficients ck1, ck2, ck3, dk1, dk2, dk3, ek1, ek2, ek3, gk1, gk2, gk3
appeared in Eq. (14) can be easily calculated from the
procedures explained above. They are only dependent on
DðkÞ

44 , DðkÞ
55 and zk. Thus, the global-local kinematic proposed for

the multi-layered composite plate can be written as the
following final form:
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where
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Su1ðzÞ ¼ �f ðzÞ þ
XNl

k¼1

jkc
k
1 þ � 1

2
þ3j2k

2

� �
ck2 þ �3j

2
þ5j3k

2

� �
ck3

� �

� ðHðz�zkÞ�Hðz�zkþ1ÞÞ
Su2ðzÞ ¼

XNl

k¼1

jkd
k
1 þ �1

2
þ 3j2k

2

� �
dk2 þ � 3j

2
þ 5j3k

2

� �
dk3

� �

�ðHðz�zkÞ�Hðz�zkþ1ÞÞ
Sv1ðzÞ ¼ �f ðzÞ þ

XNl

k¼1

jke
k
1 þ � 1

2
þ3j2k

2

� �
ek2 þ � 3j

2
þ5j3k

2

� �
ek3

� �

�ðHðz�zkÞ�Hðz�zkþ1ÞÞ
Sv2ðzÞ ¼

XNl

k¼1

jkg
k
1 þ �1

2
þ 3j2k

2

� �
gk2 þ � 3j

2
þ 5j3k

2

� �
gk3

� �

�ðHðz�zkÞ�Hðz�zkþ1ÞÞ

Eq. (15) can be written in the following matrix form:

u ¼ Auuu (16)

where u ¼ U V W½ �T, uu ¼ u0 v0 w1 w2 w3 ~uð1Þ
1 ~vð1Þ1

h iT
and

Au ¼
1 0 �z

@

@x
Su1ðzÞ @

@x
� z2

2
@

@x
Su2ðzÞ 0

0 1 �z
@

@y
Sv1ðzÞ @

@y
� z2

2
@

@y
0 Sv2ðzÞ

0 0 1 1 z 0 0

2
66664

3
77775

2.4. Transverse shear and normal stress assumptions

In order to increase the accuracy of the plate formulation in the
estimation of the out-of-plane components of the stress
tensor, transverse shear and normal stresses are assumed as
the priori unknown variables in the present study. Based on
the successful experience of Tanov and Tabiei [33] in
predicting the proper form of sxz and syz, the following
distributions are assumed for the transverse shear stresses
in the multi-layered composite plate:

sðkÞ
xz ðx; y; zÞ ¼ cðkÞ

xz ðzÞTxzðx; yÞ (17a)

sðkÞ
yz ðx; y; zÞ ¼ cðkÞ

yz Tyzðx; yÞ (17b)

where

cðkÞ
xz ¼ EðkÞ

x
Ax

Jx
f ðkÞx � Bx

Ax
ðz�zkÞ þ z2�z2k

2

� �
; k ¼ 1; 2; ::::; Nl

f ðkÞx ¼ 1

EðkÞ
x

Xk�1

j¼1

Eð jÞ
x � Bx

Ax
ðz�zjÞ þ

z2�z2j
2

  !
; k ¼ 2; 3; ::::; Nl

f ð1Þx ¼ 0

cðkÞ
yz ðx; y; zÞ ¼ EðkÞ

y
Ay

Jy
f ðkÞy � By

Ay
ðz�zkÞ þ z2�z2k

2

� �
; k ¼ 1; 2; ::::; Nl

f ðkÞy ¼ 1

EðkÞ
y

Xk�1

j¼1

Eð jÞ
y � By

Ay
ðz�zjÞ þ

z2�z2j
2

  !
; k ¼ 2; 3; ::::; Nl

f ð1Þy ¼ 0

In the above equations, EðkÞ
x and EðkÞ

y represent Young's
modulus of the kth layer in the x and y directions, respectively.
Txz(x, y) and Tyz(x, y) are unknown stress field variables that
should be determined. The expressions of the constants Ax, Bx,
Jx, Ay, By and Jy are given in Appendix A. It should be hinted that
the through-the-thickness distributions of the shear stresses
obtained by Tanov and Tabiei [33] are based on the 3D
elasticity equilibrium equations.

Through-the-thickness variations of the transverse normal
stress along the total thickness of the multi-layered composite
plate is approximated using the second-order Lagrange basis
polynomials:

szzðx; y; zÞ ¼ Nz
1ðzÞT�

zzðx; yÞ þ Nz
2ðzÞ Tzzðx; yÞ þ Nz

3ðzÞ Tþ
zzðx; yÞ (18)

In the above equation, Tzz(x, y) is an unknown stress field
variable. Tþ

z ðx; yÞ and T�
z ðx; yÞ are the normal component of

traction vectors applied on the external top/bottom surfaces of
the multi-layered plate, respectively. Nz

i ðzÞ (i = 1, 2, 3) denote
the quadratic Lagrange interpolation functions:

Nz
1 ¼ 2

h2 z z�h
2

� �
; Nz

2 ¼ 4

h2

h
2
þ z

� �
h
2
�z

� �
; Nz

3

¼ 2

h2 z z þ h
2

� �
(19)

The above equations may be expressed in the matrix form
as below:

sz ¼ Asus (20)

where sz ¼ syzsxzszz�T
h

, us ¼ Txz Tyz T�
zz Tzz Tþ

zz

� 	T, and

As ¼
cðkÞ

yz ðzÞ 0 0 0 0

0 c
ðkÞ
xz ðzÞ 0 0 0

0 0 Nz
1ðzÞ Nz

2ðzÞ Nz
3ðzÞ

2
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3. FE formulation

3.1. Approximation of field variables

Based on the displacement and stress fields introduced in
Sections 2.3 and 2.4, a four-node quadrilateral element is
constructed for the static and free vibration analysis of the
multi-layered plates. The geometry of the element is approxi-
mated using the bi-linear Lagrangian interpolation functions.
Full compatible Hermitian shape functions are used for
interpolating the in-plane variations of the transverse dis-
placement (i.e. w1, w2, w3) while bi-linear Lagrange shape
functions with C0-continuity are employed for interpolating of
the other unknown variables of the multi-layered plate. Thus,
the vectors of the unknown functions of the displacement and
stress fields can be expressed in terms of the corresponding
nodal variables as below:

uu ¼ Nuu
^ e

u (21a)

us ¼ Nsu
^ e

s (21b)

in which vectors u^
e

u and u^
e

s contain the nodal values of the
stress and displacement fields, respectively. Nu and Ns are
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matrices which contain the interpolation functions. The
expression for Nu and Ns are not cited here for the sake of
brevity. The considered four-node quadrilateral element has
the following 21 dofs per node:

u0 v0 w1 ðw1Þ;x ðw1Þ;y ðw1Þ;xy w2

ðw2Þ;x ðw2Þ;y ðw2Þ;xy w3 ðw3Þ;x ðw3Þ;y ðw3Þ;xy
Txz Tyz T�

zz Tþ
zz Tzz ~uð1Þ

1 ~vð1Þ1

(22)

Although the number of dofs in the proposed finite element
model is relatively high and the proposed model may be con-
sidered as a complex model, the computational cost of the proposed
model is still less than most of available refined plate models.

Using Eqs. (21a) and (21b), the displacement and out-of-plane
stresses of the multi-layered composite plate can be finally ex-
pressed in terms of the nodal variables of the element as follows:

u ¼ Auuu ¼ AuNuu
^ e

u ¼ Xuu
^ e

u (23a)

sz ¼ Asus ¼ AsNsu
^ e

s ¼ Xsu
^ e

s (23b)

Using well-known strain-displacement relations with
considering Eq. (23a), the strain vectors ep and ez may also
be expressed in terms of the nodal variables of the element:

ep ¼ Cpu ¼ CpXuu
^ e

u (24a)

ez ¼ Czu ¼ CzXuu
^ e

u (24b)

where

Cp ¼

@

@x
0 0

0
@

@y
0

@

@y
@

@x
0

2
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3
777775; Cz ¼

@

@z
@

@y
0

@

@z
0

@

@x
0 0

@

@z

2
666664

3
777775 (25)

3.2. Variational formulation

The discretized form of the governing equations of motion are
derived in this section. The element mass and stiffness
matrices as well as the vector of external loadings of the multi-
layered plate are obtained via the parametrized mixed
variational theorem of Lezgy-Nazargah [29]. According to this
variational principle, the total potential energy of an multi-
layered composite plate with volume V and regular boundary
surfaces S can be written as:

Pp ¼ 1
2

Z
V

eTpDppep þ leTpDpz ez þ leTz Dzpep þ leTz Dzzez


 �
dV

þ 1
2

Z
V

ð1�lÞ �sT
zD

^ T

zzsz þ 2sT
zD

^
zzDzpeP þ 2sT

z ez

�

þeTpD
^ T

zpDzpePÞ dV þ
Z
S

uTP dS þ
Z
V

uTp dV (26)
where p and P are the vector of body and surface forces,
respectively. l is an arbitrary constant which is named the
‘‘splitting factor’’. As demonstrated in [29], the appearance of
the splitting factor in a functional has some numerical bene-
fits. By selecting an appropriate splitting factor, the contribu-
tion of the potential and complementary energy can be
adjusted and consequently the accuracy of the numerical
results may be increased. In order to avoid the complexity
of the formulation, the values of splitting factor in this study is
assumed to be l = 0. In this case, the functional of Eq. (26)
reduces into the RMVT. The dissection about the optimal value
of l is outside the scope of the present paper and will be
addressed in future researches.

By substituting Eqs. (1), (23) and (24) into the above energy
expression (Eq. (26)), the following governing equations of
motion can be derived by using the Hamilton's principle:

M a
::ðtÞ þ K aðtÞ ¼ FðtÞ (27)

where K and M denote the total stiffness and mass matrices,
respectively. a is the total nodal variables vector in global
coordinates while F is the total load vector. The aforemen-
tioned matrices are obtained from assembling the correspond-
ing elementary matrices as below:

K ¼
X
e

Ke; M ¼
X
e

Me; F ¼
X
e

Fe; a ¼
X
e

ae (28)

The elementary mass matrix Me can be written as:

Me ¼ Me
uu 0
0 0

� 
(29)

where

Me
uu ¼

Z
Ve

½XT
ur Xu � dV (30)

The elementary stiffness matrix Ke can be also written as:

Ke ¼ Ke
uu KeT

s u
Ke
s u Ke

ss

� 
(31)

where

Ke
uu ¼

Z
Ve

½XT
uC

T
pDppCpXu þ XT

uC
T
pD

^ T

zpDzpCpXu�dV

Ke
ss ¼

Z
Ve

½�XT
sD

^ T

zzXs � dV

Ke
s u ¼

Z
Ve

½XT
sD

^
zzDzpCpXu þ XT

sCzXu� dV

(32)

The elementary vector of dofs ae can be written as

ae ¼ a
^
u

a
^
s

( )
(33)
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where a
^
u and a

^
s contain the elementary nodal variables of the

displacement and the out-of-plane stress fields, respectively.
Finally, the elementary load vector Fe may be written as:

Fe ¼ Feu
Fes

� 
¼

Z
Se

XT
uP dS þ

Z
Ve

XT
up dV

0

2
64

3
75 (34)

4. Numerical results

In this section, bending and vibration analyses of multi-
layered composite plates with various number of layers,
geometrical parameters, stacking sequence, boundary and
loading conditions are carried out by using the proposed FE
model. For the validation purposes, the present results have
been compared with the results of the exact 3D theory
elasticity, classical and advanced plate theories.

4.1. Bending analysis of a two-layer composite plate

A simply supported two-layered square plate with lay-up
[08/908] is considered in this example. The bi-sinusoidal
transverse load Tþ

z ¼ q0sin
px
a sin py

b is applied on its top
surface (z = h/2). All layers of the composite plate have the
same thickness and two different values a/h = 4, 100 is
assumed for the thickness ratio. The orthotropic mechanical
properties of each layer are given by:

EL=ET ¼ 25; GLT=ET ¼ 0:5; GTT=ET ¼ 0:2; nTT=nLT ¼ 0:2

where E denote the Young's modulus and n is the Poisson's
ratio. Subscript L refers to the fiber direction while T represents
the transverse direction. The results are reported in the fol-
lowing non-dimensional form:

ŵ ¼ 100h3ET

a4q0
�w

a
2
;
b
2
;
h
2

� �
; s

^ þ
xx ¼

h2

a2 q0
�sxx

a
2
;
b
2
;
h
2

� �
;

fs^ �
xx ¼

h2

a2 q0
�sxx

a
2
;
b
2
; �h

2

� �
s
^
yz ¼ h

a q0
�syz

a
2
; b; 0


 �
; s

^
xz

¼ h
a q0

�sxz a;
b
2
; 0

� �

4.1.1. Mesh convergence study
The sensitivity of the present mixed FE model against the
number of elements is investigated in this subsection. To this
Table 1 – Mesh convergence study for the simply supported tw

S = a/h Mesh Number of dofs ŵ

4 2 � 2 189 2.1446 

4 � 4 525 2.1083 

8 � 8 1701 2.1083 

100 2 � 2 189 1.1377 

4 � 4 525 1.0671 

8 � 8 1701 1.0671 
aim, the considered two-layer composite plate has been
analyzed by using the present FE formulation with 2 � 2,
4 � 4 and 8 � 8 elements. Due to the symmetry, only a quarter
of the multi-layered plate was modeled. The obtained
numerical results are given in Table 1. It can be seen that
the convergence velocity of the present mixed FE model is
high. Discretizing the model into 4 � 4 elements leads to the
converged results for both deflection and stress components.
The obtained numerical results of Table 1 shows that a mesh
with 4 � 4 elements is sufficient for carrying out a static
bending test by using the proposed mixed FE model. Based on
the convergence mesh study results, all the next numerical
results have been calculated using a mesh with 4 � 4 elements.

4.1.2. Mesh distortion test
The robustness of the present mixed FE model against the
mesh distortions has been investigated in this subsection. The
considered two-layer composite plate is analyzed using the
proposed FE formulation with both regular (d = 0) and distorted
(d > 0) meshes. Fig. 4 shows the employed meshes as well as
the distortion index d. For different values of the distortion
index d, the non-dimensional deflection and stress compo-
nents of the composite plate are given in Table 2. As shown in
this table, the discrepancy between the non-dimensional
deflection obtained from a regular mesh (d = 0) with those
obtained from a very distorted mesh (d = 0.12) is about 1.34%.
In case of in-plane and transverse shear stresses, these values
are 24% and 10%, respectively. These numerical results prove
that the introduced mixed FE formulation is not sensitive to
the mesh distortion.

4.1.3. Static bending analysis
The considered two-layer [08/908] plate has been analyzed by
using the present mixed FE model for the thickness ratio a/
h = 4, 10, 100. Results are given in Table 3 in terms of
displacement and stress components. In this table, the present
results have been compared with the FE results of Filippe et al.
[34] which are based on the advanced plate theories. In Ref.
[34], unknown kinematic variables of the plate are expanded
along the thickness direction by adopting the miscellaneous
polynomials, exponential and trigonometric functions. A
system of acronyms is employed for representing the different
plate models of Ref. [34]. The first letters denote the general
type of the plate model: E for equivalent single layer theory, LW
for layer-wise theory. The second letter represents the kind of
the employed function: T for Taylor's polynomials, Exp for
exponential expansions, S for sines expansions, C for cosines
expansions. The number N represent the number of the used
expansion terms in the thickness direction. In this example,
o-layer [08/908] plates.

ŝþ
xx ŝ�xx ŝxz ŝyz

0.1322 �1.1051 0.1142 0.1117
0.1160 �0.9592 0.1033 0.1040
0.1156 �0.9596 0.1031 0.1037

0.1020 �1.0319 0.1207 0.1229
0.0913 �0.7410 0.1082 0.1082
0.0911 �0.7407 0.1078 0.1080



Fig. 4 – Mesh sensitivity test: simply supported two-layer
[08/908] plate.

Table 2 – Mesh distortion test for the two-layer [08/908]
plates-(a/h = 4).

d

0 0.04 0.08 0.12

ŵ 2.1083 2.1244 2.1205 2.1365
ŝ�xx �0.9592 �1.1940 �1.1700 �0.9106
ŝxz 0.1033 0.1056 0.1044 0.1138
ŝyz 0.1040 0.1029 0.1016 0.1113
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the results based on LW approach have been considered as
reference solutions. It can be observed that the results
obtained from the present mixed FE formulation are in good
correlation with reference solution and other plate theories.
Moreover, the results of the present model in the prediction of
transverse shear stresses are more precise than the results of
miscellaneous plate theories of Ref. [34]. In order to have a
comparison between the computational efficiency of these
different plate models, the total number of dofs of each plate
model is also cited in Table 3. The computational efficiency of
the present mixed FE model can be easily inferred from this
table.

For more comparison, variations of the non-dimensional
in-plane ðs^ xxÞ and transverse shear ðs^ xzÞ stress along the
thickness of the multi-layered plate with a/h = 10 are depicted
in Fig. 5. In this figure, the results of the present mixed FE
model have been compared with the exact 3D elasticity
solutions of Pagano [1]. It is seen that a good agreement exists
between the present and exact elasticity results.

4.2. Bending analysis of a three-layer composite plate

A simply supported square plate made of three equally
thickness layers oriented at [08/908/08] has been analyzed
using the proposed mixed FE formulation. The mechanical
properties and the loading condition of the present multi-
layered plate is similar to the previous two-layer plate. The
following non-dimensional forms are also used for the
displacement and stress components:

ŵ ¼ 10h3ET

a4q0
�w

a
2
;
b
2
; 0

� �
; û ¼ 100h3ET
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;
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s
^
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a q0
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a
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;
b
2
;
h
2
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s
^
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a q0
�syy

a
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b
2
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� �
; s

^
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a q0
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a
2
; 0; 0
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;

s
^
xz ¼ h

a q0
�sxz 0;

b
2
; 0
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The numerical results for in-plane displacement, deflec-
tion, in-plane and transverse shear stresses are given in
Table 4 for the thickness ratios a/h = 4, 10, 20, 40, 100. In this
table, a comparison has been made between the results
obtained from the present model with those obtained from the
FSDT [35], CLT [35] and exact 3D elasticity solution [1]. The
error rate for the present mixed FE model and the CLT and
FSDT are also compared in this table. It can be seen that the
present model gives more precise results than classical ones.
The improvement of the accuracy of the present mixed FE
results is particularly significant for the transverses shear
stresses. The maximum error rate of the present model in the
estimation of the transverse shear stresses is less than 27% for
S ≥ 10. These values for the CLT and FSDT are 100% and 64.1%,
respectively. It is worth to note here that the differences
between the exact and proposed solutions is mainly due to the
simplifying assumptions used in deriving the expressions of
the transverse shear and normal stress fields. In deriving
Eq. (17), it is assumed that bending about one local direction
does not require a restraining moment about the other
principal local direction [33]. In the other words, the distribu-
tion of the transverse shear stresses is determined for the case
of unidirectional bending. Moreover, the gradients of the plate
membrane forces in the x and y directions are assumed to be
zero [33]. For thick composite plates, some of these assump-
tions cannot be hold strictly. Other reason for appearing the
differences between the exact and proposed solutions may be
due to assuming a global second-order distribution for the
transverse normal stress along the total thickness of the multi-
layered composite plate. Through-the-thickness distribution
of the transverse normal stress in multi-layer plates, particu-
larly those with low thick ratio, is relatively complicated and
high order polynomials is needed for its accurate approxima-
tion.

For more comparison purposes, variations of the transverse
shear stress components of the multi-layered three-layer plate
through the thickness (a/h = 10) are shown in Fig. 6. In this
figure, the transverse shear stresses approximated by the
present mixed FE model have been compared with those
obtained from the exact 3D elasticity solutions of Pagano [1]. It
can be observed that the results of present model in the
estimation of the transverse shear s

^
xz is in excellent

agreement with the elasticity solutions. Concerning the
transverse shear s

^
yz, the proposed mixed FE model yields

satisfactory results. These results demonstrate the accuracy of
the proposed mixed-field FE formulation for the static bending
analysis of multi-layered composite plates.

4.3. Bending analysis of a four-layer composite plate

In this section, the proposed mixed FE model has been
employed for the static bending analysis of a four-layer square
plate with lamination [08/908/908/08]. All layers of the considered
multi-layered plate have equal thickness. The mechanical



Table 3 – Static bending test results: simply supported two-layer [08/908] plate.

S = a/h Model Number
of dofs

ŵ ŝþ
xx ŝ�xx ŝxz ŝyz

4 Present 525 2.1083 0.1160 �0.9592 0.1033 0.1040
ES5 7938 2.1376 0.1031 �0.8334 0.2259 0.0831
ET1S1 3969 2.0924 0.0990 �0.8109 0.3007 0.1149
ET1C1 3969 2.0403 0.1025 �0.6585 0.2255 0.0871
EExp3 5292 2.1144 0.1095 �0.7249 0.2846 0.1022
ET1Exp2 5292 2.1204 0.1101 �0.7544 0.2965 0.1109
ES3C3 9261 2.1569 0.1101 �0.7917 0.2452 0.0902
ET1S1C1 5292 2.1170 0.1109 �0.7657 0.2961 0.1142
LW4 17,199 2.1699 0.1106 �0.7960 0.1451 0.1215

10 Present 525 1.2306 0.0965 �0.7662 0.1038 0.1043
ES5 7938 – – – – –

ET1S1 3969 – – – – –

ET1C1 3969 – – – – ––

EExp3 5292 – – – – –

ET1Exp2 5292 – – – – –

ES3C3 9261 – – – – –

ET1S1C1 5292 – – – – –

LW4 17,199 – – –– – –

100 Present 525 1.0671 0.0913 �0.7410 0.1082 0.1082
ES5 7938 1.0388 0.0905 �0.7124 0.1279 0.0511
ET1S1 3969 1.0388 0.0905 �0.7124 0.3046 0.1218
ET1C1 3969 1.0643 0.0867 �0.7231 0.2229 0.0891
EExp3 5292 0.8801 0.0713 �0.5948 �0.8887 �0.9132
ET1Exp2 5292 1.0650 0.0854 �0.7222 0.2924 0.1155
ES3C3 9261 0.8020 0.0640 �0.5429 �1.9729 �0.7892
ET1S1C1 5292 1.0644 0.0867 �0.7233 0.2956 0.1182
LW4 17,199 1.0652 0.0851 �0.7217 0.1234 0.1234
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Fig. 5 – Variations of the non-dimensional in-plane ðŝxxÞ and
transverse shear stress ðŝxzÞ along the thickness direction;
two-layer [08/908] composite plate.
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properties, boundary and loading condition of the present
multi-layered plate is similar to the previous three-layer plate.
Indeed, the considered plate of the present example is a three-
layer composite with the middle layer having a double
thickness. In order to differentiate it from the three-layer [08/
908/08] composite plate considered in the previous example, it is
named as ‘‘four-layer composite plate’’. The obtained FE results
are shown in Table 5. The results of HSDT [13], FSDT [8], refined
zig-zag plate theory of Rodrigues et al. [24] and exact 3D
elasticity solution of Pagano [1] are also shown in this table. It
can be seen that the present mixed plate theory for all a/h ratios
gives good results, when compared with other plate theories.
The present model calculates the transverse displacement of
the multi-layered plate with the maximum percent error of 7.6,
regardless of the thickness ratio. The error of the present FE
model in the estimation of the maximum in-plane stresses of
the moderately thick to thin plates is 8%. Similar to the previous
examples, the accuracy of the present mixed-field model in the
prediction of transverse shear stress is more than other plate
theories. The error of the present mixed FE formulation in the
prediction of the transverse shear stress of composite plate with
a/h � 4 is 6.8%. This value is 48.2%, 23.5% and 20.0% for FSDT,
HSDT and refined zig-zag plate theory, respectively. As stated in
Section 4.2, the simplifying assumptions used in deriving the
transverse shear and normal stress fields are some reasons for
appearing the discrepancies between the exact and present
solutions.

Through-the-thickness variations of the non-dimensional
in-plane stress s

^
xx and transverse shear stress s

^
yz are shown in

Fig. 7 for the thickness ratio a/h = 10. It can be observed that the



Table 4 – Numerical results for the simply supported three-layer [08/908/08] plate.

S Model ŵ û ŝxx ŝyy ŝxz ŝyz

4 Present 1.8135 (9.6%) �0.0082 (15.5%) 0.6412 (19.9%) �0.5839 (5%) 0.3405 (33.1%) 0.2349 (8.1%)
FSDT 1.7758 (9.5%) �0.0054 (44.3%) 0.4370 (45.4%) �0.4774 (14.1%) 0.1201 (53.0%) 0.1301 (9.6%)
CLT 0.4313 (78.3%) �0.0068 (29.8%) 0.5387 (32.7%) �0.1796 (67.7%) �0.0000 (100%) �0.0000 (100%)
Exact 2.0059 �0.0097 0.8008 �0.5563 0.2559 0.2172

10 Present 0.7246 (3.7%) �0.0067 (9.4%) 0.5322 (9.8%) �0.3889 (34.9%) 0.3690 (3.2%) 0.1560 (27.0%)
FSDT 0.6693 (11.1%) �0.0064 (13.5%) 0.5134 (13.0%) �0.2536 (12.0%) 0.1363 (61.8%) 0.0762 (37.9%)
CLT 0.4313 (42.7%) �0.0068 (8.1%) 0.5387 (8.7%) �0.1796 (37.6%) �0.0000 (100%) �0.0000 (100%)
Exact 0.7530 �0.0074 0.5906 �0.2882 0.3573 0.1228

20 Present 0.5167 (0.0%) �0.0065 (5.7%) 0.5244 (5.0%) �0.2547 (21.2%) 0.3821 (0.6%) 0.1060 (13.0%)
FSDT 0.4921 (4.7%) �0.0067 (2.8%) 0.5318 (3.7%) �0.1997 (4.9%) 0.1402 (63.5%) 0.0632 (32.6%)
CLT 0.4313 (16.4%) �0.0068 (1.4%) 0.5387 (2.4%) �0.1796 (14.5%) �0.0000 (100%) �0.0000 (100%)
Exact 0.5164 �0.0069 0.5524 �0.2101 0.3846 0.0938

40 Present 0.4547 (0.3%) �0.0065 (4.4%) 0.5243 (3.3%) �0.2007 (7.0%) 0.3869 (1.4%) 0.0862 (1.0%)
FSDT 0.4466 (1.3%) �0.0067 (1.4%) 0.5369 (0.9%) �0.1847 (1.4%) 0.1413 (63.9%) 0.0596 (30.1%)
CLT 0.4313 (4.7%) �0.0068 (0.0%) 0.5387 (0.6%) �0.1796 (4.1%) �0.0000 (100%) �0.0000 (100%)
Exact 0.4529 �0.0068 0.5422 �0.1874 0.3924 0.0853

100 Present 0.4359 (0.2%) �0.0065 (4.4%) 0.5267 (2.3%) �0.1834 (1.4%) 0.3879 (1.7%) 0.0805 (2.7%)
FSDT 0.4337 (0.2%) �0.0068 (0.0%) 0.5384 (0.1%) �0.1804 (0.2%) 0.1416 (64.1%) 0.0586 (29.2%)
CLT 0.4313 (0.7%) �0.0068 (0.0%) 0.5387 (0.1%) �0.1796 (0.6%) �0.0000 (100%) �0.0000 (100%)
Exact 0.4347 �0.0068 0.5393 �0.1808 0.3947 0.0828
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Fig. 6 – Variations of the non-dimensional transverse shear
stresses along the thickness direction; three-layer [08/908]
composite plate.
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present mixed FE results are in excellent agreement with the
exact 3D elasticity solutions.

4.4. Free vibration of a four-layer composite plate

In this example, free vibration of a simply supported square
plate with thickness ratio a/h = 5 is studied. The considered
multi-layered composite plate is made of four equally
thickness layers with lamination scheme [08/908/908/08]. The
following material properties is assumed for each layer:

EL=ET ¼ 10; 20; 30 or 40; GLT ¼ 0:6ET; GTT ¼ 0:5ET; nLT

¼ 0:25

The predicted non-dimensional fundamental frequencies
ðv ¼ ðv a2=hÞ ffiffiffiffiffiffiffiffiffiffiffi

r=ET
p Þ of the multi-layered composite plate are

given in Table 6 for various modulus ratios of EL/ET. In this
table, the present mixed FE results have been compared with
the exact solutions [2], mesh free results of Liew et al. [9] based
on FSDT, finite difference results of Rodrigues et al. [24] based
on refined zig-zag plate theory, and FE results of Sahoo and
Singh [23] based on a trigonometric zigzag theory. It can be
seen from Table 6 that the results obtained from the proposed
mixed FE formulation are in very close agreement with those
generated by exact 3D theory of elasticity and the other plate
theories.

4.5. Free vibration of a three-layer composite plate

As a final example, free vibration of a fully clamped
rectangular composite plate with lamination scheme [08/
908/08] has been carried out. All layers of the considered
multi-layered plate have equal thickness and mass density.
The mechanical properties of the layers are as below:

EL=ET ¼ 40; GLT ¼ 0:6ET; GTT ¼ 0:5ET; nLT ¼ 0:25; r ¼ 1

The first four non-dimensional natural frequencies
of the clamped three-layer plate predicted by the
proposed mixed FE formulation are given in Table 7 for
different values of the thickness rations b/h and aspect
ratios a/b. The non-dimensional frequencies are defined
as follow:



Table 5 – Numerical results: simply supported four-layer [08/908/908/08] plate.

S Model ŵ ŝxx ŝyy ŝxz

4 Present 1.8045 (7.6%) 0.5713 (20.6%) 0.5710 (14.2%) 0.2515 (6.8%)
HSDT [13] 1.8937 (3.0%) 0.6651 (7.6%) 0.6322 (5.0%) 0.2064 (23.5%)
FSDT [8] 1.7100 (12.4%) 0.4059 (43.6%) 0.5765 (13.4%) 0.1398 (48.2%)
Rodrigues et al. [24] 1.8931 (3.1%) 0.6408 (11.0%) 0.8506 (27.7%) 0.2160 (20.0%)
Exact 1.954 0.720 0.666 0.270

10 Present 0.7025 (5.4%) 0.5142 (8.0%) 0.41867 (3.8%) 0.2966 (1.4%)
HSDT [13] 0.7147 (3.8%) 0.5456 (2.3%) 0.3888 (3.5%) 0.2640 (12.2%)
FSDT [8] 0.6628 (10.7%) 0.4989 (10.7%) 0.3615 (10.2%) 0.1667 (44.6%)
Rodrigues et al. [24] 0.7227 (2.7%) 0.5460 (2.3%) 0.4193 (4.0%) 0.2979 (1.0%)
Exact 0.743 0.559 0.403 0.301

100 Present 0.4347 (0.0%) 0.5354 (0.6%) 0.2752 (1.5%) 0.3311 (2.3%)
HSDT [13] 0.4343 (0.0%) 0.5387 (0.0%) 0.2708 (0.0%) 0.2897 (14.5%)
FSDT [8] 0.4337 (0.2%) 0.5382 (0.1%) 0.2705 (0.1%) 0.1780 (47.4%)
Rodrigues et al. [24] 0.4349 (0.0%) 0.5426 (0.6%) 0.2723 (0.4%) 0.3393 (0.0%)
Exact 0.4347 0.539 0.271 0.339
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Fig. 7 – Variations of the non-dimensional in-plane ðŝxxÞ and
transverse shear stress ðŝyzÞ along the thickness direction;
four-layer [08/908/908/08] composite plate.

Table 6 – Normalized fundamental frequency of the four-
layer [08/908/908/08] plate.

Model EL/ET

10 20 30 40

Present 8.2922 9.5999 10.349 10.846
Liew et al. [9] 8.2924 9.5613 10.320 10.849
Sahoo and Singh [23] 8.2693 9.5143 10.247 10.748
Rodrigues et al. [24] 8.4139 9.6627 10.401 10.905
Exact [2] 8.2100 9.5600 10.272 10.752
v ¼ ðvb2=p2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rh2=D0

q
; D0 ¼ ETh

3=12ð1�n12n21Þ

The present mixed FE results have been compared with the
results obtained from FSDT using differential quadrature
method (DQM) [9], global–local high order theory (GLHOT) [20],
third-order shear deformation theory (TSDT) [18], sinus shear
deformation theory (SSDT) [18], exponential shear deforma-
tion theory (ESDT) [18], FSDT using the radial basis function
method (RBFM) [10], and FSDT using wavelet function [11]. It
can be observed from Table 7 that the present mixed FE results
match well with the results of the other plate theories for all
test cases. These numerical results demonstrate the accuracy
of the proposed mixed-field FE formulation for the free
vibration analysis of the multi-layered composite plates.

5. Conclusions

On the basis of the parametrized mixed variational princi-
ple, a mixed-field plate formulation was introduced for the
bending and vibration analyses of multi-layered composite
plates. The in-plane displacement components of the multi-
layered plate has been described by using an exponential
function with layer refinement. A first-order distribution
along the total thickness of the plate is also employed for the
approximation of the transverse displacement
component. The considered displacement field, which is
based on double superposition theory, satisfies all interface
and boundary conditions. Moreover, the number of
unknowns variables of the considered kinematic is not
dependent to the number of material layers. In addition to
displacement components, out-of-plane stresses are also
considered as primary unknown variables in the present
plate theory. The assumed transverse shear stress fields are
derived by integrating from 3D equilibrium equations.
These assumed transverse-shear stresses a priori fulfill
the continuity conditions at adjacent interfaces between
layers as well as the traction-free conditions on the upper/
lower surfaces of the plate. Irrespective to the number of
material layers, the adopted shear stress fields are defined in
terms of only one unknown variable. A second-order



Table 7 – Non-dimensional frequencies of the fully clamped [08/908/08] rectangular multi-layered plate.

a/b b/h Method Mode no.

1 2 3 4

1 5 FSDT (DQM) [9] 4.447 6.642 7.700 9.185
GLHOT [20] 4.450 6.524 8.178 9.473
FSDT (RBFM) [10] 4.5141 6.5080 8.0361 9.3468
FSDT (wavelet) [11] 4.4466 6.6422 7.6996 9.1851
TSDT [18] 4.9031 7.1010 9.5186 10.4335
SSDT [18] 4.9390 7.0940 9.6794 10.3805
ESDT [18] 4.9830 7.0975 9.8615 10.3439
Present 4.7321 6.8130 8.3007 9.5284

1 10 FSDT (DQM) [9] 7.411 10.393 13.913 15.429
GLHOT [20] 7.484 10.207 14.340 14.863
FSDT (RBFM) [10] 7.4727 10.2544 14.2440 14.9363
FSDT (wavelet) [11] 7.4106 10.3944 13.9128 15.4403
TSDT [18] 7.7215 10.6635 15.2693 15.7308
SSDT [18] 7.7447 10.6517 15.3700 15.6576
ESDT [18] 7.7759 10.6479 15.4926 15.5949
Present 7.8952 10.9421 15.0330 15.2170

1 20 FSDT (DQM) [9] 10.953 14.028 20.388 23.196
GLHOT [20] 11.003 14.064 20.321 23.498
FSDT (RBFM) [10] 10.9680 13.9636 20.0983 23.3572
FSDT (wavelet) [11] 10.9528 14.0360 20.4533 23.1974
TSDT [18] 11.0966 14.2036 20.4969 24.0422
SSDT [18] 11.1061 14.1998 20.4580 24.0916
ESDT [18] 11.1221 14.2018 20.4246 24.1623
Present 11.1809 14.6068 20.2206 24.2151

1 100 FSDT (DQM) [9] 14.666 17.614 24.511 35.532
GLHOT [20] 14.601 17.812 25.236 37.168
FSDT (RBFM) [10] 14.4305 17.3776 24.2662 35.5596
FSDT (wavelet) [11] 14.4455 17.5426 25.1868 37.8851
TSDT [18] 14.4389 17.5139 24.3537 34.8549
SSDT [18] 14.4393 17.5137 24.3515 34.8482
ESDT [18] 14.4403 17.5140 24.3497 34.8421
Present 14.4060 17.3706 23.7173 32.8525

2 5 FSDT (DQM) [9] 3.045 4.248 5.792 5.905
GLHOT [20] 2.953 4.288 5.595 6.096
FSDT (RBFM) [10] 2.9679 4.2575 5.5406 6.0225
FSDT (wavelet) [11] 3.0453 4.2483 5.7921 5.9046
TSDT [18] 3.1852 4.6262 6.1077 6.8477
SSDT [18] 3.1729 4.6381 6.0589 6.8984
ESDT [18] 3.1632 4.6560 6.0172 6.9599
Present 3.0386 4.5070 5.5087 6.2047

2 10 FSDT (DQM) [9] 2.968 4.258 5.541 6.023
GLHOT [20] 4.119 6.705 8.240 9.916
FSDT (RBFM) [10] 4.0924 6.6205 8.0953 9.7047
FSDT (wavelet) [11] 4.1410 6.6167 8.3563 9.8970
TSDT [18] 4.2558 6.9214 8.6185 10.2956
SSDT [18] 4.2490 6.9271 8.5753 10.2674
ESDT [18] 4.2436 6.9380 8.5351 10.2449
Present 4.1911 7.0099 7.9271 10.0335

2 20 FSDT (DQM) [9] 4.779 8.840 9.847 12.511
GLHOT [20] 4.813 8.954 9.968 12.768
FSDT (RBFM) [10] 4.7593 8.8318 9.7221 12.4153
FSDT (wavelet) [11] 4.7790 8.8425 9.8600 12.5212
TSDT [18] 4.8771 9.0363 10.1133 12.8841
SSDT [18] 4.8749 9.0382 10.0950 12.8721
ESDT [18] 4.8733 9.0432 10.0775 12.8632
Present 4.8011 9.0132 9.5121 12.6607

a r c h i v e s o f c i v i l a n d m e c h a n i c a l e n g i n e e r i n g 1 8 ( 2 0 1 8 ) 8 1 8 – 8 3 2830



Table 7 (Continued )

a/b b/h Method Mode no.

1 2 3 4

2 100 FSDT (DQM) [9] 5.105 10.527 10.583 14.324
GLHOT [20] 5.144 10.407 10.929 14.706
FSDT (RBFM) [10] 5.0844 10.4349 10.5527 14.2538
FSDT (wavelet) [11] 5.1102 10.5341 10.8046 14.4741
TSDT [18] 5.2006 10.5423 10.8734 14.6314
SSDT [18] 5.2003 10.5423 10.8719 14.6304
ESDT [18] 5.2002 10.5425 10.8705 14.6296
Present 5.0761 10.3847 10.4126 14.1912

a r c h i v e s o f c i v i l a n d m e c h a n i c a l e n g i n e e r i n g 1 8 ( 2 0 1 8 ) 8 1 8 – 8 3 2 831
distribution along the total thickness of the plate is also
adopted for the approximation of the transverse normal
stress field.

The numerical bending and free vibration tests show that
the presented mixed-field plate formulation yields precise
results for thick-to-thin multi-layered composite plates with
various boundary and loading conditions. It seems that the
proposed plate theory as well as the developed mixed FE model
is a fine compromise between the accuracy of results and the
cost of computations. Future works are pointed toward the shell
nonlinear FE developments of this mixed-field theory.

Appendix A

Ax ¼
XNl

j¼1

Eð jÞ
x ðzjþ1�zjÞ; Bx ¼ 1

2

XNl

j¼1

Eð jÞ
x z2jþ1�z2j

 �

;

Dx ¼ 1
3

XNl

j¼1

Eð jÞ
x z3jþ1�z3j

 �

; Jx ¼ AxDx�B2
x

Ay ¼
XNl

j¼1

Eð jÞ
y ðzjþ1�zjÞ; By ¼ 1

2

XNl

j¼1

Eð jÞ
y z2jþ1�z2j

 �

;

Dy ¼ 1
3

XNl

j¼1

Eð jÞ
y z3jþ1�z3j

 �

; Jy ¼ AyDy�B2
y

r e f e r e n c e s

[1] N.J. Pagano, Exact solutions for rectangular bidirectional
composites and sandwich plates, J. Compos. Mater. 4 (1970)
20–34.

[2] A.K. Noor, Free vibrations of multilayered composite plates,
Am. Inst. Aeronaut. Astronaut. J. 11 (1973) 1038–1039.

[3] N.J. Pagano, S.J. Hatfield, Elastic behavior of multilayered
bidirectional composites, Am. Inst. Aeronaut. Astronaut. J. 10
(1972) 931–933.

[4] A.K. Noor, Free vibrations of multilayered composite plates,
Am. Inst. Aeronaut. Astronaut. 11 (1973) 1038–1109.

[5] M. Lezgy-Nazargah, A three-dimensional exact state-space
solution for cylindrical bending of continuously non-
homogenous piezoelectric laminated plates with arbitrary
gradient composition, Arch. Mech. 67 (1) (2015) 25–51.

[6] C. Decolon, Analysis of Composite Structures, 1st ed.,
Elsevier, 2002.
[7] D.N. Arnold, A.L. Madureira, S. Zhang, On the range of
applicability of the Reissner–Mindlin and Kirchhoff–Love
plate bending models, J. Elast. Phys. Sci. Solids 67 (3) (2002)
171–185.

[8] J.N. Reddy, W.C. Chao, A comparison of closed-form and
finite-element solutions of thick laminated anisotropic
rectangular plates, Nucl. Eng. 64 (1981) 153–167.

[9] K.M. Liew, Y.Q. Huang, J.N. Reddy, Vibration analysis of
symmetrically laminated plates based on FSDT using the
moving least squares differential quadrature method,
Comput. Methods Appl. Mech. Eng. 192 (2003) 2203–2222.

[10] A.J.M. Ferreira, G.E. Fasshauer, Computation of natural
frequencies of shear de-formable beams and plates by an
RBF-pseudospectral method, Comput. Methods Appl. Mech.
Eng. 196 (2006) 134–146.

[11] A.J.M. Ferreira, L.M.S. Castro, S. Bertoluzza, A high order
collocation method for the static and vibration analysis of
composite plates using a first-order theory, Compos. Struct.
89 (2009) 424–432.

[12] M.M. Alipour, An analytical approach for bending and stress
analysis of cross/angle-ply laminated composite plates under
arbitrary non-uniform loads and elastic foundations, Arch.
Civil Mech. Eng. 16 (2) (2016) 193–210.

[13] J.N. Reddy, A simple higher-order theory for laminated
composite plates, J. Appl. Mech. 51 (1984) 745–752.

[14] O. Polit, P. Vidal, M. D'Ottavio, Robust C0 high-order plate
finite element for thin to very thick structures: mechanical
and thermo-mechanical analysis, Int. J. Numer. Methods Eng.
40 (2012) 429–451.

[15] A.A. Khdeir, L. Librescu, Analysis of symmetric cross-ply
elastic plates using a higher-order theory, part II: buckling
and free vibration, Compos. Struct. 9 (1988) 259–277.

[16] J.N. Reddy, Mechanics of Laminated Composite Plates,
Theory and Analysis, CRC Press, 1997.

[17] J.N. Reddy, D.H. Robbins Jr., Theories and computational
models for composite laminates, Appl. Mech. Rev. 47 (1994)
147–169.

[18] H.H. Phan-Dao, C.H. Thai, J. Lee, H. Nguyen-Xuan, Analysis of
laminated composite and sandwich plate structures using
generalized layerwise HSDT and improved meshfree radial
point interpolation method, Aerosp. Sci. Technol. 58 (2016)
641–660.

[19] M. Lezgy-Nazargah, S.B. Beheshti-Aval, Coupled refined
layerwise theory for dynamic free and forced responses of
piezoelectric laminated composite and sandwich beams,
Meccanica 48 (6) (2013) 1479–1500.

[20] W. Zhen, C. Wanji, Free vibration of laminated composite and
sandwich plates using global–local higher-order theory, J.
Sound Vibration 298 (2006) 333–349.

[21] M. Shariyat, A generalized global–local high-order theory for
bending and vibration analyses of sandwich plates subjected
to thermo-mechanical loads, Int. J. Mech. Sci. 52 (2010) 495–514.

[22] S.B. Beheshti-Aval, M. Lezgy-Nazargah, A new coupled
refined high-order global-local theory and finite element

http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0180
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0180
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0180
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0185
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0185
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0190
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0190
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0190
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0195
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0195
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0200
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0200
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0200
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0200
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0205
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0205
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0210
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0210
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0210
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0210
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0215
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0215
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0215
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0220
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0220
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0220
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0220
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0225
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0225
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0225
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0225
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0230
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0230
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0230
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0230
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0235
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0235
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0235
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0235
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0240
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0240
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0245
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0245
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0245
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0245
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0245
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0250
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0250
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0250
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0255
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0255
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0260
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0260
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0260
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0265
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0265
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0265
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0265
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0265
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0270
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0270
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0270
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0270
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0275
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0275
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0275
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0280
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0280
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0280
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0285
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0285


a r c h i v e s o f c i v i l a n d m e c h a n i c a l e n g i n e e r i n g 1 8 ( 2 0 1 8 ) 8 1 8 – 8 3 2832
model for electromechanical response of smart laminated/
sandwich beams, Arch. Appl. Mech. 82 (12) (2012) 1709–1752.

[23] R. Sahoo, B.N. Singh, A new trigonometric zigzag theory for
buckling and free vibration analysis of laminated composite
and sandwich plates, Compos. Struct. 117 (2014) 316–332.

[24] J.D. Rodrigues, C.M.C. Roque, A.J.M. Ferreira, E. Carrera, M.
Cinefra, Radial basis functions–finite differences collocation
and a Unified Formulation for bending, vibration and buckling
analysis of laminated plates, according to Murakami's zig-zag
theory, Compos. Struct. 93 (2011) 1613–1620.

[25] E. Carrera, A priori vs. a posteriori evaluation of transverse
stresses in multilayered orthotropic plates, Compos. Struct.
48 (2000) 245–260.

[26] E. Carrera, An assessment of mixed and classic theories on
global and local response of multilayered orthotropic plates,
Compos. Struct. 50 (2000) 183–198.

[27] S.S. Phoenix, B.N. Singh, S.K. Satsangi, Analysis of thermo-
elastic plates based on Reissner's mixed variational theorem,
Compos. Struct. 93 (2011) 590–598.

[28] A. Messina, Free vibrations of multilayered plates based on a
mixed variational approach in conjunction with global
piecewise-smooth functions, J. Sound Vibration 256 (1)
(2002) 103–129.
[29] M. Lezgy-Nazargah, A high-performance parametrized mixed
finite element model for bending and vibration analyses of
thick plates, Acta Mech. 227 (12) (2016) 3429–3450.

[30] J.S. Kim, M. Cho, Enhanced first-order theory based on mixed
formulation and transverse normal effect, Int. J. Solids Struct.
44 (2007) 1256–1276.

[31] E. Carrera, Theories and finite elements for multilayered,
anisotropic, composite plates and shells, Arch. Comput.
Methods Eng. 9 (2002) 87–140.

[32] X. Li, D. Liu, Generalized laminate theories based on double
superposition hypothesis, Int. J. Numer. Methods Eng. 40
(1997) 1197–1212.

[33] R. Tanov, A. Tabiei, Adding transverse normal stresses to
layered shell finite elements for the analysis of composite
structures, Compos. Struct. 76 (2006) 338–344.

[34] M. Filippi, M. Petrolo, S. Valvano, E. Carrera, Analysis of
laminated composites and sandwich structures by
trigonometric, exponential and miscellaneous polynomials
and a MITC9 plate element, Compos. Struct. 150 (15) (2016)
103–114.

[35] O. Polit, M. Touratier, A multilayered/sandwich triangular
finite element applied to linear and nonlinear analysis,
Compos. Struct. 58 (2002) 121–128.

http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0285
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0285
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0290
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0290
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0290
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0295
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0295
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0295
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0295
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0295
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0300
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0300
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0300
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0305
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0305
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0305
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0310
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0310
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0310
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0315
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0315
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0315
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0315
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0320
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0320
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0320
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0325
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0325
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0325
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0330
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0330
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0330
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0335
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0335
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0335
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0340
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0340
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0340
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0345
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0345
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0345
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0345
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0345
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0350
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0350
http://refhub.elsevier.com/S1644-9665(17)30203-0/sbref0350

	A new mixed-field theory for bending and vibration analysis of multi-layered composite plate
	1 Introduction
	2 Theoretical formulation
	2.1 Basic assumption
	2.2 Constitutive relations
	2.3 Kinematics
	2.4 Transverse shear and normal stress assumptions

	3 FE formulation
	3.1 Approximation of field variables
	3.2 Variational formulation

	4 Numerical results
	4.1 Bending analysis of a two-layer composite plate
	4.1.1 Mesh convergence study
	4.1.2 Mesh distortion test
	4.1.3 Static bending analysis

	4.2 Bending analysis of a three-layer composite plate
	4.3 Bending analysis of a four-layer composite plate
	4.4 Free vibration of a four-layer composite plate
	4.5 Free vibration of a three-layer composite plate

	5 Conclusions
	References
	References


